Cylindrical contact homology is a comparatively simple incarnation of symplectic field theory whose existence and invariance under suitable hypotheses was recently established by Hutchings and Nelson. We study this invariant for a general Brieskorn 3-manifold Σ(a1, . . . , an), and give a complete description of the cylindrical contact homology for this 3-manifold equipped with its natural contact structure, for any aj satisfying 1 a 1 + · · · + 1 an < n − 2.
INTRODUCTION
Cylindrical contact homology is a part of a much larger structure, symplectic field theory, whose framework was introduced by Eliashberg, Givental and Hofer around 2000 [2] . At this point there is a vast literature on symplectic field theory, addressing both applications of the theory and the foundational underpinnings of it; there are still substantial difficulties in defining the most general versions of symplectic field theory. This paper is concerned with a much more specialized situation, for which these issues have been resolved due in large part to the work of Hutchings and Nelson [7, 6] .
We consider a closed 3-dimensional manifold M equipped with a contact structure ξ = ker λ, so ξ is a tangent hyperplane distribution defined globally by the vanishing of a 1-form λ satisfying λ ∧ dλ = 0. The choice of λ determines a vector field R λ , the Reeb vector field, by the properties λ(R λ ) = 1 and ι R λ dλ = 0. As reviewed in more detail in Section 2, the cylindrical contact homology of (M, ξ) is the homology of a chain complex whose generators are periodic orbits of R λ , and whose differential counts pseudo-holomorphic cylinders in the symplectization (R × M, d(e t λ)) that are asymptotic to Reeb orbits. Making this notion precise and proving that the resulting homology groups are well-defined and independent of choices is the subject of [7, 6] , and requires certain assumptions on M and ξ. The property that suffices for us is the following. Note that a "periodic orbit" is not assumed to be parametrized with minimal period; if it is, then it is called a simple orbit. One of the main results of [6] is that the cylindrical contact homology of a hypertight 3-manifold is an invariant of the underlying contact structure ξ, i.e. does not depend on the choice of nondegenerate hypertight contact form λ (or any of the other attendant choices in the construction). Here "nondegenerate" is a condition on λ that implies in particular that closed Reeb orbits are isolated; it can be arranged by a small perturbation, but see Section 2 for further discussion.
Our main result is a calculation of the cylindrical contact homology in the case that M is a Brieskorn manifold Σ(a 1 , . . . , a n ) of hyperbolic type, meaning that 1 a j < n − 2. Here a 1 , . . . , a n are arbitrary integers greater than or equal to 2 satisfying the given condition; if they are pairwise relatively prime then Σ(a 1 , . . . , a n ) is an integral homology sphere. Let us consider the case n = 3 for the moment, and recall that Σ(p, q, r) is defined to be the link of a complex surface singularity: Σ(p, q, r) = {(x, y, z) ∈ C 3 | x p + y q + z r = 0} ∩ {|x| 2 + |y| 2 + |z| 2 = 1}.
Each tangent space T m Σ(p, q, r) contains a unique complex line; this field of complex tangencies defines a "standard" contact structure ξ = ξ p,q,r on Σ(p, q, r), also known as the Milnor fillable contact structure.
Following [7] we take cylindrical contact homology to be defined with rational coefficients. Theorem 1.2. For any pairwise relatively prime triple p, q, r as above, the contact structure ξ p,q,r is hypertight. The cylindrical contact homology of (Σ(p, q, r), ξ p,q,r ) is given by Here G(p, q, r) is a graded Q-vector space of dimension (p − 1) + (q − 1) + (r − 1), whose grading takes values in even integers between −2 and −2d. One can understand the generators of the homology above as follows. Recall that the action of S 1 on C 3 given by ζ · (x, y, z) = (ζ qr x, ζ pr y, ζ pq z) preserves Σ(p, q, r), and induces on it the structure of a Seifert 3-manifold having three exceptional orbits γ 1 , γ 2 and γ 3 corresponding to stabilizers of order p, q, and r respectively. These exceptional orbits are simple Reeb orbits of a natural contact form defining ξ p,q,r (and of the perturbations that we use, see Sections 3 and 4 for a description of the contact form and its perturbation), hence correspond to generators of the cylindrical chain complex. Moreover, the iterates γ p 1 , γ q 2 and γ r 3 are each homotopic to a regular orbit of the circle action. The space G(p, q, r) is spanned by the iterates of γ 1 , γ 2 , γ 3 up through orders p − 1, q − 1, r − 1 respectively, while (intuitively speaking) the singular homology H * (S 2 ) appears because the orbit space of the circle action is topologically a 2-sphere. The additional copies of these spaces with shifted gradings correspond to the same collections of orbits, covered with higher multiplicity.
The strategy of the proof is as follows. When 1 p + 1 q + 1 r < 1, it is well known that Σ(p, q, r) is a geometric 3-manifold whose universal covering is SL(2, R), the universal covering group of P SL(2; R), equipped with a leftinvariant metric. In fact, as described by Milnor [8] and Dolgačev [1] , one can identify Σ(p, q, r) with the quotient space of SL(2, R) by a discrete subgroup Π(p, q, r). As P SL(2, R) can be identified with the unit tangent bundle of the hyperbolic plane H, there is an identification SL(2, R) ∼ = H × R.
Moreover, a natural left-invariant contact structure on SL(2, R) admits a contact form that is easily described in terms of the natural coordinates on H × R as λ = dt + 1 y dx (see Theorem 3.2; here and throughout we consider the upper half-plane model for H). The Reeb trajectories of this form are simply vertical lines, and invariance of λ yields the contact form on Σ(p, q, r) mentioned above. Our strategy is to use certain Π(p, q, r)invariant functions described by Milnor to construct a nondegenerate perturbation of λ that is explicit enough to allow calculations of the Conley-Zehnder indices.
Many of the results in Milnor's work were generalized by Neumann to links of Brieskorn complete intersection singularities [10] , and our techniques carry over easily to this situation. Recall that if we are given an n-tuple of integers (a 1 , . . . , a n ), a j ≥ 2, and a generic (n − 2) × n matrix of complex numbers (m ij ), the 3-manifold Σ(a 1 , . . . , a n ) ⊂ C n is defined by (1.1) Σ(a 1 , . . . , a n ) = {(z 1 , . . . z n ) | n j=1 m ij z a j j = 0 (i = 1, . . . , n − 2)} ∩ S 2n−1 .
Neumann shows that if 1 a j < n−2 then there is a description of Σ(a 1 , . . . , a n ) as a quotient of SL(2, R) by a group Π(a 1 , . . . , a n ) just as before. Moreover, Σ(a 1 , . . . , a n ) is a Seifert manifold over an orientable surface S g of genus g, where:
Our result is easiest to state in the case that the a i are pairwise relatively prime. Note that in this case g = 0 and Σ(a 1 , . . . , a n ) is an integral homology sphere. The theorem above generalizes directly to: Theorem 1.3. For any pairwise relatively prime a 1 , . . . , a n with 1 a j < n − 2, the natural contact structure ξ on Σ(a 1 , . . . , a n ) is hypertight. The cylindrical contact homology of (Σ(a 1 , . . . , a n ), ξ) is given by HC * (Σ(a 1 , . . . , a n ), ξ) = n≥1 G(a 1 , . . . , a n )
Here again, G(a 1 , . . . , a n ) is a graded Q-vector space that we can think of as generated by the iterates of the exceptional Seifert fibers γ j , j = 1, . . . , n, up to order a j − 1.
The corresponding statement for Σ(a 1 , . . . , a n ) for general a j is given in Theorem 5.2 below.
The paper is organized as follows. Section 2 gives a more detailed description of the definition of cylindrical contact homology, following Hutchings and Nelson [7] . Section 3 reviews Brieskorn spheres from the perspective of 3-dimensional geometry, namely as the quotient of the universal covering group of SL(2, R) by a discrete subgroup, following Milnor [8] . This description allows us to write down a contact form describing the standard contact structure on Σ(p, q, r) in terms of coordinates on the universal cover, where the Reeb dynamics are particularly easy to describe. In fact, the Reeb vector field for this form is everywhere tangent to the circle orbits on Σ(p, q, r). This is geometrically pretty, but of course the form then fails to be nondegenerate. Our coordinate description allows us to perturb the form to achieve nondegeneracy (up to a fixed action, at least), following ideas in [9] . This is done in section 4, where the crucial calculation is the Conley-Zehnder indices of the resulting nondegenerate closed orbits. It is this calculation that determines the grading on cylindrical contact homology, and the perturbation and index calculations are the essentially new contributions of our work. The differential on the complex is mostly trivial for grading reasons, but there are nonzero differentials that we compute by reducing to the situation of [9] .
In section 5 we describe the generalization from Σ(p, q, r) to arbitrary Σ(a 1 , . . . , a n ).
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CONTACT GEOMETRY PRELIMINARIES
Definition 2.1. Let M be a smooth, oriented manifold of dimension 2n − 1. A (positive, co-oriented) contact structure on M is a hyperplane distribution ξ ⊂ T M that is "maximally non-integrable" in the sense that ξ is equal to ker(λ) for a 1-form λ ∈ Ω 1 (M ), such that λ ∧ (dλ) n−1 is a volume form determining the given orientation of M . Any such form λ is called a contact form for ξ.
Observe by the required condition on λ, the restriction of dλ to the contact planes determines a symplectic structure on ξ.
If λ is a contact form on M and g : M → (0, ∞) is smooth then gλ defines the same contact structure, as ker λ = ker gλ. Given two contact structures ξ 0 = ker λ 0 and ξ 1 = ker λ 1 , we say that they are contactomorphic if there is a diffeomorphism ψ : M → M such that ψ * (ξ 0 ) = ξ 1 , which is equivalent to saying that ψ * λ 1 = gλ 0 for some smooth positive function g on M .
Given any contact form λ on M , there is a unique vector field R λ satisfying the properties
This vector field R λ is called the Reeb vector field of λ. Condition (i) implies that R λ is always transverse to ker λ, but in general for two contact forms λ 0 and λ 1 with ker λ 0 = ker λ 1 , the Reeb vector fields R λ 0 and R λ 1 will be different. A Reeb orbit of period T of λ is defined to be a map γ : R/T Z → M such thatγ(t) = R λ (γ(t)). We do not require T to be the minimal period, but we say that γ is simple if the map γ : R/T Z → M is injective. For a Reeb orbit γ of period T and an integer k ∈ N, we define the kth iterate γ k to be the composition
where the first map is the natural quotient.
We denote the flow of the Reeb vector field by ψ t , so by definitionψ t = R λ • ψ t . It is an easy exercise to see that ψ t is a contactomorphism for each t (in fact, ψ * t λ = λ), and in particular the derivative dψ t maps the contact hyperplane ξ x symplectomorphically to ξ ψt(x) .
Let γ be a Reeb orbit of period T . We say γ is nondegenerate if the linearized return map dψ T : ξ γ(0) → ξ γ(T )=γ(0) does not have 1 as an eigenvalue. If λ is a contact form whose Reeb orbits are all nondegenerate, then λ is said to be a nondegenerate contact form. Given ξ, the set of nondegenerate contact forms is dense among contact forms defining ξ.
2.1. Cylindrical contact homology. Let us fix a 3-dimensional contact manifold (M, ξ) and a nondegenerate contact form λ. Under suitable hypotheses one can define the cylindrical contact homology CH(M, ξ) as the homology of a chain complex whose generators are (certain) periodic Reeb orbits and whose differential "counts" pseudoholomorphic cylinders in a symplectization of M . We outline the construction here, essentially following Hutchings-Nelson [7] . Note that the chain complex we describe depends on the choice of contact form λ as well as an almost-complex structure J on the symplectization of (M, λ) (see below), so we write the complex as CC(M, λ, J). Recent work of Hutchings and Nelson [6] implies that the homology CH(M, ξ) = H * (CC(M, λ, J)) depends only on ξ. To simplify matters we assume where convenient that no periodic orbits of R λ are contractible, which will be the case in the examples we consider, and this in particular means that λ is dynamically convex in the terminology of [7] . Moreover, we work throughout with rational coefficients that we omit from the notation.
First we describe the Reeb orbits that generate CC(M, λ, J). Let γ be a Reeb orbit of period T and consider the linearized return map dψ T : ξ γ(0) → ξ γ(0 . This is an area-preserving linear isomorphism with respect to the symplectic (area) form dλ, and we can distinguish three cases depending on its eigenvalues. We say γ is elliptic if dψ T has eigenvalues on the unit circle, positive hyperbolic if dψ T has positive real eigenvalues, and negative hyperbolic if dψ T has negative real eigenvalues. A Reeb orbit γ is called bad if γ is an even iterate of a negative hyperbolic orbit. If γ is not bad it is said to be good. Define CC(M, λ, J) to be the Q-vector space generated by the good Reeb orbits of λ.
In cases of interest to us, for example when π 2 (M ) = 0, the complex CC(M, λ, J) carries a relative grading by the integers, whose definition makes use of the Conley-Zehnder index of a Reeb orbit. For an orbit γ, fix a trivialization τ of ξ| γ , so that under this trivialization we can regard {dψ t } t∈[0,T ] as a path of symplectic matrices. The Conley-Zehnder index of this path can be defined as follows (cf. [7, Section 2] or [5, Section 3.2] ). If γ is hyperbolic then dψ T has an eigenvector v, and the path {dψ t (v)} t∈[0,T ] rotates through an angle θ = kπ for some integer k. In this case we define CZ τ (γ) = k, and note that this is even when γ is positive hyperbolic and odd when γ is negative hyperbolic. If γ is elliptic then we can adjust τ by a homotopy so that each {dψ t } t∈[0,T ] is a rotation by the angle 2πθ t , where θ t depends continuously on t and θ 0 = 0. In this case we let CZ τ (γ) = 2⌊θ T ⌋ + 1. Note that CZ τ (γ) is even if and only if γ is a positive hyperbolic orbit.
The Conley-Zehnder index depends only on the homotopy class of the trivialization τ along γ (and its value modulo 2 is independent of the trivialization). In the cases we consider below the contact structure ξ admits a global trivialization on all of M , and such a trivialization is unique up to homotopy whenever the first Betti number of M vanishes. In particular, under these circumstances it makes sense to compare the numerical values of CZ τ (γ) for different γ, and introduce a grading on CC(M, λ, J) by declaring a Reeb orbit γ to lie in grading level gr(γ) := CZ τ (γ) − 1 for a global trivialization τ as above.
The differential on CC(M, λ, J) is defined in terms of the symplectization of (M, λ), which is the 4-manifold R × M with the symplectic form d(e t λ), where t is the coordinate on R. An almost-complex structure J on R × M is compatible with λ if it is R-invariant, carries the coordinate vector ∂ t into the Reeb field R λ , preserves the contact planes, and satisfies dλ(v, Jv) > 0 for all nonzero vectors v ∈ ξ. Fix such a J, and let π R and π M denote the projection maps from R × M onto the R and M factors, respectively. A J-holomorphic cylinder from γ + to γ − is a map u : R × S 1 → R × M such that:
∂ t u + J∂ θ u = 0, lim t→±∞ π R (u(t, θ)) = ±∞, and lim t→±∞ π M (u(t, ·)) is a parametrization of γ ± .
The cylinder u is said to have positive end γ + and negative end γ − . Two J-holomorphic cylinders with the same positive and negative ends are said to be equivalent if they differ by a translation and rotation of R × S 1 , and the set of such equivalence classes is denoted M J (γ + , γ − ). There is a R action on M J (γ + , γ − ) given by translation in the R factor of R × M .
The Fredholm index of a map u : R × S 1 → R × M with positive and negative ends at γ + and γ − is defined by
where c 1 (u * ξ, τ ) is the first Chern class relative to the trivialization τ . (the definition normally includes a term accounting for the Euler characteristic of the domain, which always vanishes for us). The Chern class term vanishes iff τ extends to a trivialization of u * ξ, which happens, for instance, when τ is induced by a global trivialization of ξ. If J is generic and u is somewhere injective then
where d(u) denotes the covering multiplicity of u, and ǫ(u) ∈ {±1} is a sign determined by a choice of coherent system of orientations. 1 (For this definition to be sensible, it is necessary that the spaces M J 1 (γ + , γ − )/R are compact and cut out transversely, hence consist of finite sets of points.) Define another operator κ : CC(M, λ, J) → CC(M, λ, J) by κ(γ) = d(γ)γ where again d indicates the covering multiplicity. One expects that δκδ = 0, which would imply that the composition ∂ := δκ is a differential on CC(M, λ, J). The main result of [7] is that, for generic choice of J, this construction does give rise to a well-defined chain complex in the case that λ is dynamically convex, in particular if λ is hypertight. The cylindrical contact homology is then defined by
Moreover, the results of [6] imply that the homology groups do not depend on the choice of hypertight form λ, nor the choice of suitable J (see Corollary 1.10 of [6] ).
BRIESKORN MANIFOLDS AND SL GEOMETRY
In this section we describe the perspective we take on Brieskorn manifolds in this paper. For concreteness, we consider the case n = 3 in (1.1), and write p, q, r for a 1 , a 2 , a 3 . We also suppose p, q, r are pairwise relatively prime, returning to the general case in section 5. The Brieskorn manifolds Σ(p, q, r) that we study (those for which 1 p + 1 q + 1 r < 1) can be described as quotients of SL(2, R), the universal cover of P SL(2, R), by certain discrete subgroups. For brevity we write SL for SL(2, R). Section 3.1 describes SL as a space of 'labeled biholomorphic maps' on the upper halfplane in C, and introduces an invariant contact form on SL. Section 3.2 recalls the construction of a discrete subgroup Π(p, q, r) < SL such that SL/Π(p, q, r) ∼ = Σ(p, q, r), and relates this description of Σ(p, q, r) with its description as the link of a hypersurface singularity in C 3 . Much of this section is a summary of portions of the paper of Milnor [8] .
3.1. Geometry of SL(2, R). Let (H, 1 y 2 (dx 2 + dy 2 )) be the upper half-plane with its usual hyperbolic metric. We remark H has the structure of a Kähler manifold with the complex structure it inherits as an open subset of C, together with the symplectic form ω = 1 y 2 dx ∧ dy. It is well-known that the isometry group of H is P SL(2, R) = SL(2, R)/{±1}, whose elements act as Möbius transformations z → az+b cz+d , where a, b, c, d ∈ R and ad − bc = 1. The action of P SL(2, R) on H is transitive because the Möbius transformation represented by 1 √ y ( y x 0 1 ) takes i ∈ H to x + iy. It is easy to see that the stabilizer of i is
In fact, the derivative of ϕ α : H → H at z = i is a counterclockwise rotation by α. Since an isometry of H is determined uniquely by its value and derivative at a single point, it follows easily that P SL(2, R) acts simply transitively on the unit tangent bundle T 1 H. Indeed, we get an orbit map
where we think of 1 ∈ T i H = C as a unit tangent vector via the canonical trivialization, and identify the unit vector dg i (1) ∈ T g(i) H with its angular coordinate. The orbit map is a diffeomorphism that we can describe explicitly as follows. If g = a b c d is an arbitrary Möbius transformation with g(i) = z = x + iy, then g differs from the map g z = 1 √ y ( y x 0 1 ) by composition with a rotation ϕ α as above: g = g z · ϕ α for some unique α. Thus in
More generally, we have:
where the second coordinate describes a unit vector in T h(w) H, whose angular coordinate is θ − 2 arg(cw + d).
To describe the universal cover SL of P SL(2, R), observe that the discussion above implies that Φ lifts to a diffeomorphismΦ : SL → H × R, where the latter is the universal cover of T 1 H. Strictly, there is a choice involved in definingΦ, so we determine it uniquely by specifyingΦ(e) = (i, 0) ∈ H × R where e ∈ SL is the identity element. 
Note that the existence of left-invariant contact forms on SL ∼ = H × R is well-known. Our aim is to make this explicit enough to allow the perturbations and calculations in the following sections.
Proof. Observe that there is a short exact sequence of Lie groups corresponding to the universal cover:
describing SL as a central extension. The action of a generator of Z by left multiplication in SL corresponds to the covering transformation, and underΦ this can be taken to be the vertical shift t → t + 2π. Clearly λ is invariant under this action, and from this it follows that to prove SL invariance of λ it suffices to prove P SL(2, R) invariance of the corresponding
(Note that θ here is the coordinate on the S 1 factor of H × S 1 ∼ = T 1 H, on which the Möbius transformation g acts via its derivative.) Moreover, observe that for a smooth map f between subsets of C we have f
Combining the two equations above with a little algebra gives the desired invariance. That λ is a contact form with Reeb field ∂ t is a simple exercise.
Proposition 3.3. The contact structure ξ = ker λ on H × R admits a global, SL-invariant trivialization given by
Proof. We have a basis for ξ (0,1,0) = ker(dt+dx) given by {∂ x −∂ t , ∂ y }, which we transport to all of H × R by the derivative of the SL action. To make the calculation it suffices to replace t by θ (i.e., work with the P SL(2, R) action on H × S 1 ), by invariance under 2πZ translation.
In terms of the coordinates (z, θ), the derivative of the action of g = a b c d at (z, θ) = (i, 0) is given by
Passing back to real coordinates and using (3.1) to write this in terms of (x, y, θ) gives the result.
Likewise, dλ determines an orientation on ξ, with respect to which the basis above is positive. Remark 3.5. It is known that we can equip SL with a left-invariant Riemannian metric for which the contact structure ξ is just the orthogonal complement of the t-axis. Moreover, ξ is invariant under all orientationpreserving isometries of this metric. The form λ is invariant under the identity component of the isometry group, which is generated by left multiplications together with arbitrary shifts in the t-direction (and is sent to −λ under the representative (x, y, t) → (−x, y, −t) of the other component of orientation-preserving isometries). The trivialization of Proposition 3.3, however, is preserved only by the group SL ⊂ Isom( SL).
In the discussion to follow, it will be useful to think of the lifted orbit mapΦ
:
Specifically, we think of the unit tangent bundle T 1 H ∼ = H × S 1 as lying in the deleted tangent bundle T × H = H × C × and then pass to the universal cover. From this point of view, it was observed by Milnor that SL can be identified with the group of "labeled biholomorphic maps" from H to H.
Note that there is an isomorphism of abelian Lie groupsẽ : C → C × lifting the exponential map C → C × . In particular we write the group operation in C × multiplicatively, corresponding to addition in C. The projection C × → C × will be written p, and our convention is that p •ẽ(z) = e iz :
Labeled holomorphic maps can be composed: indeed, given maps g 0 : U 0 → U 1 and g 1 : U 1 → U 2 with labels, there is a unique labeling for
With this understood, it is not hard to check that the group of labeled biholomorphic maps H → H is naturally isomorphic to SL.
There is a natural action of a labeled biholomorphic map on H × C × : namely, if g = (g, g ′ ) is a labeled biholomorphic map on H, then we set
Since a biholomorphic map H → H is the same as a hyperbolic isometry, the construction means that the left action of SL preserves the lifted unit tangent bundle T 1 H ⊂ H × C × , and this action is the same as the one studied in the proof of Theorem 3.2.
Observe that since a unit tangent vector at a point z ∈ H is of the form (z, (Im z)e it ), we can describe the lifted unit tangent bundle as the image of the set
Modifying Milnor's terminology slightly, we define a (holomorphic) differential of degree k on an open set U ⊂ C to be a function φ : U × C × → C of the form φ(z, u) = f (z)u k , where f : U → C is holomorphic. Here k must be an integer, since rational powers of complex numbers are multi-valued. Since we wish to consider forms of fractional degree as well, we pass to the universal cover. So for a rational number a ∈ Q, we define a differential of degree a on U to be a function φ :
Labeled holomorphic maps act on differentials by pullback: namely, for g labeled holomorphic and φ a differential of degree a, we define
A differential φ will be said to be G-automorphic, for a subgroup G < SL, if g * φ = φ for all g ∈ G.
We will be interested in compact 3-manifolds that arise as the quotient of SL by such a subgroup G, specifically those G that act on H cocompactly. Let us rewrite the exact sequence (3.2) as
where Isom + (H) ∼ = P SL(2, R) indicates the orientation-preserving isometries and C ∼ = Z is the center of SL. Then G < SL acts on H, factoring through the quotient G/( G ∩ C). For use below, we recall: 
We also have the following.
Lemma 3.8. Let G < SL(2, R) be a subgroup as in the previous lemma, and suppose φ :
is G-invariant and independent of t, hence descends to a function G\H → R.
Here we write G for G/( G ∩ C), and j for the composition
whose absolute value depends only on z. The invariance is clear.
Triangle Groups and Central Extensions.
We now describe the construction of a particular family of groups Π(p, q, r) < SL, and sketch the proof that the quotient of SL by the left action of Π(p, q, r) is diffeomorphic to the Brieskorn sphere Σ(p, q, r). Throughout, we suppose p, q, r are relatively prime positive integers such that 1 p + 1 q + 1 r < 1. This condition means that there is a (unique up to isometry) hyperbolic triangle in H with interior angles π/p, π/q, and π/r, which we denote by T (p, q, r). We will write v 1 , v 2 , and v 3 for the vertices of T (p, q, r) adjacent to the interior angles π/p, π/q, and π/r, respectively, and assume these are arranged in counterclockwise cyclic order. Also label the edges e 1 , e 2 , and e 3 of T (p, q, r) so that e j is opposite to the vertex v j . For j = 1, 2, 3, let σ j be the hyperbolic reflection of H across the geodesic containing the edge e j . The (full) Schwarz triangle group ∆ * (p, q, r) < Isom(H) is the group of hyperbolic isometries generated by σ 1 , σ 2 and σ 3 . We will be primarily concerned with the index 2 subgroup ∆(p, q, r) < ∆ * (p, q, r) consisting of orientation-preserving isometries, which we will simply call the triangle group. The full Schwarz group ∆ * (p, q, r) has the presentation ∆ * (p, q, r) = σ 1 , σ 2 , σ 3 | σ 2 j = 1, (σ 2 σ 3 ) p = (σ 3 σ 1 ) q = (σ 1 σ 2 ) r = 1 , as shown in [8] , for example. Observe that, for instance, σ 1 σ 2 is a reflection first in e 2 and then in e 1 , which is seen to be a rotation by 2π r radians about v 3 . It can be shown using the Reidemeister-Schreier theorem that the orientation-preserving subgroup has a presentation
The centrally extended triangle group ∆(p, q, r) is defined to be the preimage of ∆(p, q, r) in SL under the covering projection SL → P SL(2, R). Hence we see that there is a short exact sequence
where C ∼ = Z embeds as the center of ∆(p, q, r). There is also a group presentation
It can be shown that c d generates the center of Π(p, q, r), which is Π(p, q, r)∩ C, and that when p, q, r are relatively prime, Π(p, q, r) maps onto ∆(p, q, r).
Thus we obtain another short exact sequence
where C 0 < C is an infinite cyclic subgroup of index d. If we take as known (for the moment) the fact that the Brieskorn sphere Σ(p, q, r) is the quotient of SL by the left action of Π(p, q, r), then we can recognize this short exact sequence as the one in [13, Lemma 3.2], where Π(p, q, r) = π 1 (Σ(p, q, r)) and ∆(p, q, r) is the orbifold fundamental group of H/∆(p, q, r). In effect this says that c d represents a regular fiber of the Seifert structure on Σ(p, q, r) (see below), which is a generator of the infinite cyclic group C 0 appearing in the short exact sequence. Indeed we can also use [8, Corollary 3.2] to show that Π(p, q, r) contains the elements g d 1 , g d 2 , and g d 3 . This shows that
r . The fact that Σ(p, q, r) ∼ = Π(p, q, r)\ SL hinges on the following lemma. 
There exist three Π(p, q, r)automorphic forms on H, φ 1 , φ 2 , and φ 3 of degrees s/p, s/q, and s/r, respectively such that φ i has a simple zero at each point in the orbit ∆(p, q, r)v i , and the φ i generate the algebra of all Π(p, q, r)-automorphic forms. Furthermore the φ i satisfy the polynomial relation φ p
It follows from the lemma that the mapping (φ 1 , φ 2 , φ 3 ) : H × C × → C 3 has image contained in the Brieskorn variety defined by
and is invariant under the action of Π(p, q, r). Thus we get a well-defined holomorphic map
That F is one-to-one is a consequence of the second part of Lemma 3.7; Milnor verifies it is biholomorphic. Now, we can map SL into V \{0} via the composition
The image of this map need not lie in Σ(p, q, r) ⊂ V (p, q, r) − {0}, but is diffeomorphic to it, as follows. Let g = (g, g ′ ) ∈ SL, considered as a labeled holomorphic map H → H and identified with the point
indicates the orbit under the left action of Π(p, q, r). It is easy to see that the curve
for t > 0, intersects S 5 ⊂ C 3 transversely and precisely once. So we can define Ψ : Π(p, q, r)\ SL → Σ(p, q, r) = V (p, q, r) ∩ S 5 by letting Ψ(Π(p, q, r)g) be this intersection point. One verifies that Ψ is smooth, injective, and that dΨ has maximal rank everywhere. Since Π(p, q, r)\ SL is compact and Σ(p, q, r) is connected it now follows from the inverse function theorem that Ψ is a diffeomorphism. This relates to another classical description of Σ(p, q, r) as a Seifert fiber space. Observe that there is a fixed point free action of S 1 on V (p, q, r) given by ζ · (z 1 , z 2 , z 3 ) = (ζ qr z 1 , ζ pr z 2 , ζ pq z 3 ) where ζ is a unit complex number, which restricts to an S 1 action on Σ(p, q, r). Moreover, the diffeomorphism constructed above between Π(p, q, r)\H × R and Σ(p, q, r) is equivariant, in the sense that
(the diffeomorphism between the image of F •Φ and Σ(p, q, r) clearly commutes with the S 1 action). Hence we have an identification between Σ(p, q, r) as a Seifert space and the quotient Π(p, q, r)\H × R, where the action of S 1 on the latter is induced by R translation. In our parametrization the action has period 2πd, and dividing by the action gives a projection Π(p, q, r)\H × R → ∆(p, q, r)\H ∼ = S 2 (p, q, r) (c.f. (3.5)). Here S 2 (p, q, r) denotes the orbifold with underlying space S 2 and three cone points of orders p, q, and r corresponding to the vertices of the initial triangle. The circle fibers over these points, consisting of points with nontrivial stabilizer in S 1 = R/2πdZ, have period 2πd/p, 2πd/q, and 2πd/r respectively. In terms of the fundamental group these exceptional fibers are conjugate to the generators g d i .
3.3. Contact Structures. In section 3.1 we described a contact form λ on H × R invariant under the left action of SL. In particular, fixing relatively prime integers p, q, r as above, the quotient Y = Π(p, q, r)\H × R inherits a contact form that we also denote by λ. On the other hand the description of the Brieskorn sphere Σ(p, q, r) as the link of the singularity in V (p, q, r) also determines a contact structure, as the field of complex tangencies. The latter is also known as the Milnor fillable contact structure on Σ(p, q, r). In this section we show that these two contact structures correspond under the diffeomorphism Ψ constructed above. Indeed, observe that the Reeb vector field for λ is (the image of) ∂ t , which is the infinitesimal generator of the circle action on Y . On the other hand, a contact form for the natural contact structure on Σ(p, q, r) is the restriction of the form
from C 3 to Σ(p, q, r) (see [4, Section 7.1], for example), and the corresponding Reeb vector field is
This vector field generates the flow ϕ t (z 1 , z 2 , z 3 ) = (e 2it/p z 1 , e 2it/q z 2 , e 2it/r z 3 )
which, up to a constant reparametrization, is the same as the S 1 action on Σ(p, q, r) described above. It follows that the S 1 -equivariant diffeomorphism Ψ : Y → Σ(p, q, r) pulls back α p,q,r to a contact form on Y whose Reeb vector field is a (constant) multiple of the Reeb field of λ. From this it is easy to see that the family (1 − t)λ + tΨ * α p,q,r is a path of contact forms and hence by Gray stability the corresponding contact structures are isotopic. 
Proof. We have just seen that the Reeb orbits on Σ(p, q, r) lift to orbits of ∂ t on H × R. In particular no Reeb orbit lifts to a loop in the universal cover H × R, so none are contractible.
NON-DEGENERATE CONTACT FORM AND CONLEY-ZEHNDER INDICES
In light of the results from the previous section, we will now blur the distinction between the Brieskorn sphere Σ(p, q, r) (the link of the singularity V (p, q, r)) and the quotient Y = Π(p, q, r)\ SL. In particular, we use the contact form λ = λ p,q,r induced from dt+ 1 y dx on H×R ∼ = SL as in Theorem 3.2. As we have seen, the Reeb vector field of λ p,q,r generates the circle action in the Seifert fibration Σ(p, q, r) → S 2 (p, q, r). Consequently, λ p,q,r has no isolated Reeb orbits. In this section we define a perturbation of λ p,q,r to give a nondegenerate contact form on Σ(p, q, r), which we can then use to compute contact homology. Strictly, our construction gives a contact form that is nondegenerate "up to large action" in the sense of Nelson [9] , but that will be sufficient for our purposes.
Let π : Σ(p, q, r) → S 2 (p, q, r) denote the Seifert fibration, where as before S 2 (p, q, r) = ∆(p, q, r)\H is the 2-sphere with three orbifold singularities of orders p, q and r. To make certain arguments more convenient later on, recall that a classical result of Fox [3] (see also [14] ) implies that the triangle group ∆(p, q, r) contains a subgroup of finite index that acts freely on H. If  G(p, q, r) is such a subgroup, this means that G(p, q, r)\H is a smooth closed surface that is a finite (orbifold) cover of S 2 (p, q, r). Letting G(p, q, r) < Π(p, q, r) be the lifted subgroup (3.5), it follows that G(p, q, r)\(H × R) → G(p, q, r)\H is a smooth principal S 1 bundle. By way of notation we write E(p, q, r) = G(p, q, r)\(H × R) and B(p, q, r) = G(p, q, r)\H, so there is a commutative diagram
in which the top arrow is a map of S 1 spaces and a finite sheeted covering map, the vertical arrows are quotients by S 1 actions, and the bottom arrow is a finite orbifold covering (the choice of the group G(p, q, r) will not affect our arguments).
We will define a function H : S 2 (p, q, r) → R that is smooth away from the singular points
S is a Morse function and such that (1 + ǫ(H • π Σ S ) * )λ p,q,r is nondegenerate for small ǫ. We will construct H in stages, first defining it near the singular locus of S 2 (p, q, r), then extending it as a Morse function on the rest of S 2 (p, q, r). The form (1+ ǫ(H •π Σ S ) * )λ p,q,r will have isolated Reeb orbits that project to the points [v i ] ∈ S 2 (p, q, r). Equivalently, these Reeb orbits correspond to the singular S 1 -fibers in Σ(p, q, r). There will be some other non-degenerate Reeb orbits of the perturbed contact form also, corresponding to critical points of H,
Now consider the function f = 1+ǫ|φ 1 | 2 defined on H×R, where φ 1 is the Π(p, q, r)-automorphic form with a simple zero at [v 1 ] described in section 3.1, for some small ǫ > 0 (in particular, where convenient we assume ǫ ∈ (0, 1)). From Lemma 3.8 we know |φ 1 | restricts to a function on H × R ∼ = SL that is independent of t ∈ R. Therefore we can write
Since φ 1 vanishes at points of the ∆(p, q, r)-orbit of v 1 , we see that the first two entries of R f λ vanish at any point (v, t) for v in that orbit, and in fact
The induced contact form on Σ(p, q, r), which we will abusively write as f λ p,q,r , therefore has a closed Reeb orbit whose image is the S 1 fiber over the point [v 1 ] ∈ S 2 (p, q, r). Moreover, since a regular fiber in Σ(p, q, r) corresponds to a generic vertical segment in H × R of length 2πd, we have that this closed orbit has minimal period 2πd/p = 2πqr/s (this is essentially the statement that the element g d 1 ∈ Π(p, q, r) has (g d 1 ) p = c d ; see the comments after (3.5)).
Let us write γ p for the Reeb orbit of period 2πd/p lying over [v 1 ]. We wish to see that for generic small ǫ, this orbit is nondegenerate (and similar for its iterates). The basic observation here is that the projection of the Reeb vector field to H is simply the symplectic gradient
Indeed, since f is independent of t, the projection of R f λ is well-defined and given by (4.1)
which is easily seen to satisfy
for the symplectic form ω = 1 y 2 dx ∧ dy on H. Thus the Reeb flow of f λ is a lift of the Hamiltonian flow associated to f −1 . Similarly, identifying ξ (z,t) with T z H using the symplectic isomorphism given by dπ, the derivative of the time-t flow of R f λ (strictly, the restriction of the derivative to the contact planes) is identified with the derivative of the time-t flow of X 1/f . Lemma 4.1. For any integer N > 0 there is finite set S N ⊂ (0, 1) such that for any ǫ ∈ (0, 1) − S N , and any n ∈ {1, . . . , N }, the orbit γ n 1 in Σ(p, q, r) is a nondegenerate elliptic orbit of R f λ , where f = ǫ|φ 1 | 2 + 1 as above.
Proof. Let T = 2π qr s n, so that γ n 1 is a closed orbit of R f λ having period T (independent of ǫ). We wish to choose ǫ such that that the derivative of the flow map ξ (v 1 ,0) → ξ (v 1 ,T ) does not have 1 as an eigenvalue; here we use a vertical translation (lying in the group Π(p, q, r)) to identify (v 1 , 0), (v 1 , T ), and the corresponding point of Σ(p, q, r). By the preceding remarks, this is equivalent to the same property holding for the derivative of the time-T flow of X 1/f at the point v 1 (fixed under the flow of X 1/f ).
Let us consider X 1/f as a smooth map H → R 2 . In other words, we work on the universal cover of the orbifold S 2 (p, q, r); this is justified since all our constructions are induced from equivariant ones on H × R, and the analysis is local. If Φ T : H → H denotes the time T flow of X 1/f , it is an exercise to see that
To compute this linearization, it is convenient to switch to the basis ∂ z , ∂z for T C H, using ∂ x = ∂ z + ∂ z and ∂ y = i(∂ z − ∂ z ). We find that
Observe that with f = 1 + |φ 1 | 2 , since φ 1 has simple zero at v 1 , the first derivatives of f −1 vanish at v 1 . Neglecting terms containing only the first derivatives of f −1 , then, the linearization of X 1/f at v 1 becomes
Now compute at v 1 using that φ 1 is holomorphic:
and similarly ∂z∂z(f −1 ) vanishes at v 1 . On the other hand, at v 1 we have
and similarly for ∂z∂ z (f −1 ). Hence in the basis {∂ z , ∂z},
where we have written v y 1 for the y-coordinate of the vertex v 1 . Returning to the real basis {∂ x , ∂ y }, this becomes
The exponential of (T times) this matrix, which gives the linearization of the flow of X 1/f , is easily seen to be a clockwise rotation proportional to ǫ; specifically, (dΦ T ) v 1 is a clockwise rotation through the angle 2(v y 1 ) 2 |∂ z φ 1 | 2 T ǫ. Taking T = 2π qr s n, there are clearly finitely many values of ǫ ∈ (0, 1) that result in a trivial rotation for some value of n ≤ N ; all others give nonidentity rotations and hence the corresponding γ n 1 are nondegenerate.
4.2.
Conley-Zehnder index of an exceptional orbit. Continuing with the notation above, we wish to calculate the Conley-Zehnder index of the nondegenerate Reeb orbit γ N 1 associated to the perturbed contact form f λ. From the preceding subsection we know that γ N 1 is an elliptic orbit (the linearized return map is a rotation), so its Conley-Zehnder index will be odd. Strictly the value of CZ(γ N 1 ) depends on the choice of trivialization of ξ along γ N 1 ; here and throughout we will use the global trivialization coming from the basis {e 1 , e 2 } described in Proposition 3.3: since the basis is SL-invariant, it descends to a trivialization of ξ on Σ(p, q, r). In fact, it is equivalent to work in the universal cover H × R and consider the linearized flow along the path (v 1 , t), t ∈ [0, T ], where T = 2π qr s N . With the work we've already done, the calculation is fairly trivial. We can identify the contact planes in H × R with the tangent planes to H × {0} via a vertical projection; we've seen that the time-t Reeb flow projects to the time-t Hamiltonian flow of X 1/f , which, in the "obvious" (non-invariant but constant) basis {∂ x , ∂ y }, has linearization that is a clockwise rotation proportional to ǫt. In particular, choosing ǫ ≪ (2(v y 1 ) 2 |∂ z φ 1 | 2 T ) −1 , the Reeb flow in this trivialization completes no full revolutions at all. On the other hand, lifting to H × R the invariant basis {e 1 , e 2 } rotates (compared to the lift of {∂ x , ∂ y }) through the angle T as t ranges from 0 to T . Therefore with respect to {e 1 , e 2 } the Hamiltonian flow revolves through an angle of −T − ǫ ′ (T ) where ǫ ′ (T ) > 0 depends on T but is bounded above in terms of ǫ. Proposition 4.2. Let N > 0 be an integer. Then there exists ǫ 0 > 0 such that for all 0 < ǫ < ǫ 0 the curve γ n 1 is a nondegenerate Reeb orbit for the contact form f λ on Σ(p, q, r) for all n = 1, . . . , N , where f = 1 + ǫ|φ 1 | 2 as above. Moreover, the Conley-Zehnder index with respect to the universal trivialization τ of Proposition 3.3 is given by CZ τ (γ n 1 ) = −2⌊n qr s ⌋ − 1. Indeed, let T = 2π qr s N and choose ǫ correspondingly small as above. If t = 2π qr s n, then the definition reads CZ τ (γ n 1 ) = 2⌊θ t ⌋ + 1, and in our case θ t = −n qr s − ǫ ′ 2π (with ǫ ′ depending on t but bounded above in terms of ǫ as before). We can select ǫ small enough that for n ≤ N we have ⌊−n qr s − ǫ ′ 2π ⌋ = ⌈−n qr s − 1⌉ = −⌊n qr s + 1⌋ = −⌊n qr s ⌋ − 1. Clearly, constructions analogous to those above using the functions φ 2 and φ 3 give rise to perturbations of the contact form on Σ(p, q, r) such that the exceptional Seifert fibers over [v 2 ] and [v 3 ], respectively, (and their iterates up to some fixed multiple) become nondegenerate Reeb orbits of the perturbed form, and we have corresponding formulas for the Conley-Zehnder indices. We now wish to perturb λ p,q,r in such a way as to preserve this structure near the exceptional fibers.
Global perturbation and Conley-Zehnder indices.
It is a simple matter to construct a function H : S 2 (p, q, r) → [0, 1] with the following properties:
(1) In a small neighborhood of the orbifold point [v j ], H agrees with |φ j | 2 . (2) In the complement of the orbifold points H is a Morse function having a single maximum and two saddle critical points, and no other critical points. Fixing such H, we will consider the perturbed contact form f λ p,q,r , where f = 1 + ǫπ * H and π : Σ(p, q, r) → S 2 (p, q, r) is the projection. This construction has been well-studied in the case of prequantization bundles (cf. Nelson [9] , for example), and in fact we can bootstrap that study to our situation.
Recall that we have a finite (orbifold) covering map π B S : B(p, q, r) → S 2 (p, q, r) where B(p, q, r) is a smooth surface, and a corresponding finite covering π E Σ : E(p, q, r) → Σ(p, q, r). It follows from the construction at the beginning of this section that π E Σ restricts to a trivial covering over generic circle fibers of Σ(p, q, r). It is also easy to see that π B S * H is a Morse function on B(p, q, r) (this is clear away from the preimages of orbifold points, which is all we need, but is also true on those preimages since on H the φ j have simple zeros at the v j ). Moreover the critical points of π B S * H are the preimages of the critical points of H together with the preimages of the orbifold points, and the indices are preserved (the preimages of orbifold points are local minima). Finally, observe that E(p, q, r) is a prequantization bundle: that is, as a principal S 1 bundle it admits a connection 1-form λ such that dλ is the pullback of a symplectic form on the base. Indeed, our SL-invariant contact form on H × R descends to just such a form, where the corresponding symplectic form is induced by 1 y 2 dx ∧ dy. Now, the Reeb orbits of the contact form on a prequantization bundle are exactly the circle fibers, and in particular all are degenerate. Perturbing using a Morse function on the base produces a nondegenerate contact form whose closed Reeb orbits (up to a given action) are the circle fibers over the critical points of the Morse function. For the purposes of the following result we will write γ z for the closed orbit of the unperturbed contact form lying over a critical point z, and γ z,ǫ for the same orbit considered as a nondegenerate orbit of the perturbed contact form. 
z is the N th iterate of the simple Reeb orbit of λ corresponding to the fiber over z, and RS(γ N z ) is its Robbin-Salamon index. The utility of this result is that the Robbin-Salamon index of an orbit γ is defined even when γ is degenerate, and is easily computed in the case of a prequantization bundle. Note that the two sides of (4.2) must be computed with respect to the same trivialization of the contact structure; we use the universal trivialization described above instead of the "constant" trivialization used in [9] .
We do not review the definition of RS(γ) here: we need only the fact proved in [9, Example 4.4 ] that when the linearized flow along γ is given by rotation by t for t ∈ [0, 2πn], then RS(γ) = 2n. In our case, the simple orbit over z (a critical point of π B S * H other than a preimage of an orbifold point) is modeled on a generic vertical segment in H × R of length 2πd, and the unperturbed flow is simply vertical translation. As we have seen, however, the invariant trivialization rotates counterclockwise through an angle of 2πd along this segment, so with respect to this trivialization the linearized flow appears as a negative rotation by t, for t ∈ [0, 2πd]. Thus Recall that the grading of a generator γ of the cylindrical contact chain complex is given by CZ(γ) − 1. It follows that the grading of all iterates of the exceptional Seifert orbits (thought of as Reeb orbits of λ ǫ , where we restrict to action less than some T and ǫ is chosen correspondingly small) is even, so there can be no differentials between these generators.
In fact, we can give a complete description of the subcomplex CC T (Σ(p, q, r), λ ǫ , J ǫ ) generated by Reeb orbits of action no more than T , using the results of [9] . For the following we assume that H : S 2 (p, q, r) → [0, 1] has been chosen so that the two downward gradient trajectories starting from the index-1 crit- 
for each n with A(γ n s i ) < T . Proof. The differential in CC T counts J-holomorphic cylinders in R×Σ(p, q, r), which are asymptotic to Reeb orbits γ ± in the same free homotopy class. From the previous corollary, we can assume that this is the homotopy class of (a multiple of) a regular fiber in the Seifert fibration of Σ(p, q, r) (note that among the iterates of the singular fibers, exactly γ np v 1 , γ nq v 2 and γ nr v 3 lie in such a free homotopy class, for n ∈ Z).
As described above, there is a finite covering E(p, q, r) → Σ(p, q, r), under which our setup lifts to the setup of Nelson [9] on a prequantization bundle, albeit with a finite symmetry. In particular, a holomorphic cylinder u : R × S 1 → R × Σ(p, q, r) lifts to a holomorphic mapũ : S → R × E(p, q, r), where S is a suitable cover of R × S 1 . Since u is in the homotopy class of a multiple of a regular fiber, and the cover is trivial on regular fibers, the domain of the lifted curveũ is a disjoint union of cylinders. It suffices to consider an individual holomorphic cylinderũ :
According to [9, Theorems 5.1 and 5.5], for given T and sufficiently small ǫ, every such curveũ is equivalent to a cylinder lying over a downward gradient trajectory of ǫ H (where H = π B S * H); this result does not require the almost complex structure on R × E(p, q, r) to be generic. In fact, there is a 1-1 correspondence between gradient trajectories and equivalence classes of holomorphic cylinders, at least in the relevant case of index difference 1 Reeb orbits or critical points. Hence given u, the lifted union of cylinders u lies over a union of gradient trajectories which, by equivariance, descend to a unique gradient trajectory of ǫH on S 2 (p, q, r). By choosing signs compatibly with those in the Morse complex as in [9, Section 5.2] , and noting that in the Morse complex the boundary of the maximum point m is zero, we obtain the result.
The previous result describes the cylindrical contact chain complex up to a given action T . However, the action and index of generators are proportional in our situation, so a spectral sequence argument as in [9] shows that the full cylindrical contact homology can be computed as the limit of the homologies of the complexes CC T . The latter is easy to describe using the results above. By way of notation, define the vector space
spanned by the indicated iterates of the exceptional Seifert fibers. By Theorem 4.5 this subspace of CC(Σ(p, q, r)) does not interact with the boundary operator, hence can be considered as lying in the homology. Clearly it is has dimension (p − 1) + (q − 1) + (r − 1), and according to Corollary 4.4 it is graded with nonzero summands in only even gradings between −2 and −2d (recall that d = pqr s = pqr − qr − pr − pq). Moreover, observe that for n ≥ 1, replacing γ k v 1 by γ k+np v 1
(and similar for γ v 2 and γ v 3 ) in the definition of G(p, q, r), we obtain an isomorphic vector space with grading shifted by −2nd lying in the contact homology.
The remaining part of the homology is that corresponding to the free homotopy class of an iterate of a regular fiber. By Theorem 4.5, if we concentrate on the class of a single fiber, the resulting complex has three generators in dimension −2d−2, two in dimension −2d−1, and one in dimension −2d. The boundary of the latter is trivial while the boundary map is injective on the summand in dimension −2d − 1. Thus the homology of this subcomplex is isomorphic to the singular homology H * (S 2 ) with grading shifted by −2d − 2. The subcomplexes corresponding to multiples of the regular fiber are isomorphic, with additional grading shift. This proves the following result, a restatement of Theorem 1.2 of the introduction. Theorem 4.6. Let p, q, r be relatively prime positive integers satisfying 1 p + 1 q + 1 r < 1. The cylindrical contact homology of Σ(p, q, r) with its standard universally tight contact structure is given by:
BRIESKORN COMPLETE INTERSECTIONS
The calculations of the preceding sections carry over with little modification to the case of a general link Σ(a 1 , . . . , a n ) of a Brieskorn complete intersection singularity (1.1) in light of the results of Neumann [10] . Here we allow (a 1 , . . . , a n ) to be any n-tuple of integers, a j ≥ 2, subject to the condition that 1 a j < n − 2. In this case the results of section 3.2 generalize as follows.
Let P be a hyperbolic polygon with interior angles π/a 1 , . . . , π/a n , and ∆ = ∆(a 1 , . . . , a n ) the orientation-preserving subgroup of the group of isometries generated by reflections in the edges of P . We consider the central extension∆ =∆(a 1 , . . . , a n ) ⊂ SL which is the preimage of ∆(a 1 , . . . , a n ) under the universal covering homomorphism SL → P SL(2, R), and let Π = Π(a 1 , . . . , a n ) = [∆,∆] ⊂ SL.
The sequence (3.5) becomes
where C 0 is the infinite cyclic center of Π and the commutator subgroup [∆, ∆] ⊂ ∆ has index m = gcd j (Π i =j a i ).
Indeed, the index is not hard to compute from the presentation ∆ = δ 1 , . . . , δ n | δ a 1 1 = · · · = δ an n = δ 1 · · · δ n = 1 . In particular, the induced action of Π on the hyperbolic plane has a fundamental domain that is the union of 2m copies of the standard polygon P .
Similarly, the index of Π in∆ is given by the absolute value of the determinant of the relation matrix in its presentation, ∆ = γ 1 , . . . , γ n , c | γ a 1 1 = · · · = γ an n = c, γ 1 · · · γ n = c n−2 . The latter is easily calculated and gives (5.1) [∆ : Π] = d = ( j a j )(n − 2 − j 1 a j ), which reduces to our earlier definition for d if n = 3. Now, a fundamental domain D∆ for the action of∆ on SL ∼ = H×R can be identified with (P ∪P ′ )×[0, 2π], where P ′ is a reflection of P across an edge, and a fundamental domain D Π for Π contains d of these polygonal prisms.
(Note that translation of (P ∪ P ′ ) × [0, 2π] by an elementδ ∈∆, lifting a nontrivial element of ∆, preserves the vertical segments but also shifts them up or down by varying amounts according to the rotation induced by the derivative of the action ofδ on H.) As D Π projects to a fundamental domain D [∆,∆] for [∆, ∆], containing m copies of P ∪ P ′ , we see that over each copy of P ∪ P ′ , the domain D Π contains d/m copies of D∆ "stacked" vertically. In particular we have an identification Π\H×R ∼ = D Π / ∼, where ∼ indicates face identifications determined by Π, and vertical translations induce an action of S 1 on Π\H×R whose regular fibers have length 2πd/m.
Let S = D [∆,∆] be the result of making the edge identifications on the polygon D [∆,∆] induced by the action of [∆, ∆]. Then S is a closed surface of genus g given by (1.2) (see [10, 12] ), smooth but with distinguished orbifold points arising from the vertices of D [∆,∆] (analogous to the orbifold S 2 (p, q, r) of Section 3.2). The vertical segments over vertices v of D [∆,∆] give rise to the exceptional fibers in the Seifert fibration Π \ H × R → S, but as differing numbers of vertices can be identified to different orbifold points, the number of orbifold points and their corresponding multiplicities take some working out. One finds that for j = 1, . . . , n there are s j orbifold points of multiplicity t j , where s j = i =j a i lcm i =j a i and t j = lcm(a i ) lcm i =j a i .
The Seifert fiber over each such orbifold point corresponds to a vertical segment over a vertex of D [∆,∆] such that the action of Π identifies points on the segment that are separated by less than 2πd/m. Specifically, the Seifert fiber over a point of multiplicity t j corresponds to a vertical segment of length 2πd/mt j .
Milnor's argument that Π(p, q, r)\H × R ∼ = Σ(p, q, r) carries over with only minor modifications to show that Π(a 1 , . . . , a n )\H×R ∼ = Σ(a 1 , . . . , a n ), and as before the identification is induced by the construction of Π(a 1 , . . . , a n )automorphic forms on H × C (for details, see Neumann [11] ). In particular, the contact form on Σ(a 1 , . . . , a n ) induced by the invariant form λ on H × R from Theorem 3.2 gives a contact structure isotopic to the one induced by thinking of Σ(a 1 , . . . , a n ) as the link of the surface singularity as in (1.1) (the Milnor fillable contact structure), by an argument analogous to that of section 3.3. It follows just as in that section that the Milnor fillable contact structure is hypertight, when 1 a j < n − 2. Now we introduce a perturbation of the contact form to obtain nondegeneracy. As in section 4.3, we can find a function H : S → [0, 1] on the base of the Seifert fibration of Σ(a 1 , . . . , a n ) that is Morse away from small standard neighborhoods of the orbifold points of S. Each orbifold point corresponds to (an orbit of) a zero of the smooth map |φ j | 2 on H, where φ j is an automorphic form on H × C × as before, and since the restriction of |φ j | 2 to H × R is independent of the R coordinate, it induces a function on S (strictly, we are identifying H × R with its image in H × C × , see (3.4) and surrounding text). We can arrange that the function H agrees with |φ j | 2 in a neighborhood of the corresponding orbifold point, and that the orbifold points are exactly the set of minima of H.
Let {v ij }, i = 1, . . . , s j , j = 1, . . . , n be the orbifold points on S and let x 1 , . . . , x r , y be the ordinary critical points of H, where we may assume that y is the unique critical point of index 2 and x 1 , . . . , x r have index 1. The analog of Corollary 4.4 in this situation is: graded such that γ v k ij has grading −2⌊ kd mt j ⌋−2, and the (ordinary) homology group H * (S) carries its natural grading.
The grading on HC * should be understood as calculated with respect to the universal trivialization of the contact structure described above.
